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Abstract: 

We study A^^ — 1 dimensional left-covariant differential calculi on the quantum group 
SLq{N) for which the generators of the quantum Lie algebras annihilate the quantum 
trace. In this way we obtain one distinguished calculus on SLq{2) (which corresponds to 
Woronowicz' 3D-calculus on SUq{2)) and two distinguished calculi on SLq{2>) such that the 
higher order calculi give the ordinary differential calculus on SL{2) and S'L(3), respectively, 
in the limit q 1. Two new differential calculi on SLq{3) are introduced and developed 
in detail. 

Keywords: noncommutative differential calculus, quantum Lie algebra 
MSG (1991): 17 B 37, 46 L 87, 81 R 50. 

0. Introduction 

After the seminal work [18] of S.L. Woronowicz, bicovariant differential calculi on quantum 
groups (Hopf algebras) have been extensively studied in the literature. There is a well 
developed general theory of such calculi. Bicovariant differential calculi on the quantum 
group SLq{N), N > 3, have been recently classified in [12]. The case of SLq{2) has been 
treated before in [15] und in [11]. All calculi occuring in this classification have dimension 
A^, i.e. their dimension does not coincide with the dimension A^ — 1 of the corresponding 
classical Lie group. On the other hand, the first example of a non-commutative differential 
calculus on a quantum group was Woronowicz' 3D-calculus on SUq(2) [17]. This is a 
three dimensional left-covariant calculus which is not bicovariant. The 3D-calculus is 
algebraically much simpler and in many respects nearer to the classical differential calculus 
on SUq{2) than the four dimensional bicovariant calculi on SUq{2). This motivates to look 
for A^ — 1 dimensional left-covariant differential calculi on SLq[N). The purpose of this 
paper is to study the cases A = 2 and A = 3 in detail. The main aim of our approach is 
to follow the classical situation as close as possible. 

Let us briefly explain the basic idea of the approach given in this paper. As in [12], we 
assume that the differentials dw,* of the matrix entries u*- generate the left module of 1- 
forms. Hence the differential d can be expressed as dx = ^(A^j * x)a;(M^) for x G SLq{N), 
where c<;(w* ) := J2n ^i''^n)^'^J left-invariant Maurer-Cartan forms and Xij are 

linear functionals on SLq{N) such that A^-,(l) = 0. In our approach for A = 2,3 the 
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functionals will be chosen Prom the quantized universal enveloping algebra Uq{slN). 

For the functionals Xij with i ^ j wc take quantum analogues of the corresponding root 
vectors of sl^ multiplied by some polynomials in the diagonal generators oiUq^sl^). We 
assume that the vector space of left-invariant 1-forms has dimension A^^ — 1 and that 
Xij{u1) — SirSjs for i ^ j. In case of the ordinary differential calculus on SL{N) we have 
uJii = 0, so it seems to be natural to suppose that ^ q~'^^u)ii = in the quantum case. 
Then all functionals of the corresponding quantum Lie algebra annihilate the quantum 
trace U := J2Q~^^'^i- Note that Woronowicz' 3D-calculus on SUq(2) fits into this scheme, 
see Section 2 for details. 

This paper is organized as follows. Section 1 contains some general results about left- 
covariant differential calculi on quantum groups which will be needed later. In particular, 
we describe the construction of the universal higher order differential calculus associated 
with a given left-covariant first order calculus on a quantum group. 

In Section 2 we develop four left-covariant differential calculi (F^., d), r = 1, 2, 3, 4, on the 
quantum group SLq{2) which satisfy the above requirements. All four first order calculi 
and quantum Lie algebras give the ordinary differential calculus on SL{2) and the Lie 
algebra s/2 when q ^ 1. However, this changes if we look at the associated higher order 
calculi. For only one of these calculi the higher order calculus yields the classical calculus 
on SL{2) in the limit g — > 1. As might be expected, this is Woronowicz' 3D-calculus on 
SUq{2) or more precisely its analogue for SLq{2). For the other three calculi the 2- form 
UJ2 A lvq is zero and all 3-forms vanish. 

In Sections 3 and 4 we are concerned with left-convariant differential calculi on the quantum 
group SLq{3). The functionals and Xij with \i — j\ — 1 are defined completely similar 
to the corresponding formulas for the 3D-calculus in Section 2. For the functionals X13 
and X31 we use the Ansatz X13 = X12X23 — aX2zXi2 and X^i = X32X21 — PX21X23 
with a and j3 complex. For arbitrary complex parameters a and /3, we obtain a first 
order differential calculus on SLq{3) which fits into the above scheme. It turns out that 
if {a, P) ^ {q~^,q) and (cu, /3) ^ {q,Q~^), then the 2-form u>3i A u>i3 vanishes and hence 
the space of 2-forms does not yield the corresponding space for the classical differential 
calculus on SL{3) when q ^ 1. The differential calculi obtained in the two remaining cases 
{a, /3) — {q,q~^) and {a, P) = {q~^,q) for the parameters a and (3 arc studied in Section 
4. In both cases the higher order calculi give the ordinary higher order calculus on SL{3) 
in the limit g — > 1. The corresponding formulas show that these two calculi are very close 
to the classical differential calculi on SL{3) in many respects. 

In Section 5 we generalize the two differential calculi on SLq{3) from Section 4 to SLq{N). 
We define two N'^ — 1 dimensional left-covariant first order differential calculi (rj.,d),r = 
1,2, over SLq{N) for which all quantum Lie algebra generators annihilate the quantum 
trace. Both first order calculi give the ordinary first order calculus on SL{N) when g — > 1. 
If AT > 4, this is no longer true for the higher order calculi. 

Throughout this paper g is a nonzero complex number such that g^ 7^ 1 and we abbreviate 
A := g — q~^ and A+ := g -|- q~^. 

We recall the definition of the quantized universal enveloping algebra Uq{sl]^), see [4], [7]. 
We shall need it only for 2 and = 3. The algebra Uq{slN) has 4(A'" — 1) generators 
fcj, ei, fi,i = 1, . . . ,N — 1, with defining relations 
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kik^ — k ki — 1, kikj — kjki^ kiCi — qeiki^ kifi — Q fikii 
^ifj ~ fj^i = ^ijX ^{kf — fcj 

kiCj = q~^/'^ejki and kifj = q^^'^fjh if \i - j\ = 1, 

- Keitjei + eje^i = fffj - X+fifjfi + fjff = if |i - i| = 1, 
kiCj = Cj/ci, kifj = fjki, CiCj — CjCi and fifj = fjfi if l'^ ~ j| ^ 2. 

The Hopf algebra structure of V{q{slN) is given by the comultiplication A with A(ki) — 
ki ® ki, A(ej) = /ci ® + ® k~^, ^ifi) — K ® fi + fi ® k^^ and the counit e with 
e{ki) = l,e{ei) = e{fi) = 0. There is a pairing between the Hopf algebras Uq{slN) and 
SLq{N) such that {ki,u^) = 6mn ii n ^ m or n = m i,i + 1, {ki,ul) = q^/'^, (kijulU) = 
g~^/2, {ei,u^) = SniSm,i+i and (/i,^^) = ^n,i+i^mi, where u"^ are the matrix entries of 
the fundamental matrix of SLq{N). 

1. Left - Covariant Differential Calculi on Quantum Groups 

Our basic reference concerning differential calculi on quantum groups is [18]. 
Let ^ be a fixed Hopf algebra with comultiplication A, counit £, antipode k and unit 
element 1. Sometimes we use Sweedler's notation A^'^\a) = a(i) ® a(2) ® ■ • ■ ® 0(n+i)- For 
a e .4 we put a := a — e{a)l. 

A first order differential calculus (briefly, a FODC) over ^ is a pair (r,d) of an Abimodule 
r and a linear mapping d: ^ ^ F such that d{ab)= da-b+a- db for a,b & A and F = Lin 
{a • d6 : a, 6 e A} . A FODC (F, d) is called left covariant if there is a linear mapping 
Al :T ^ A<S)T for which AL(ad6) = A(a)(id (g) d)A(6), a, 6 e A. 

Suppose that (F, d) is a left-covariant FODC over A. Recall that the canonical projection of 
F into Tinv := {uj E r : Al{uj) = 1 ® is defined by Pinvida) — «;(o(i))da(2), cf. [18]. We 
abbreviate uj{a) = Piny (da). Then 71 := {x E ker e : uj{x) =0} is the right ideal of ker e as- 
sociated with (F, d). The vector space X :— {X G A' : — and X{x) = for x G TZ} 
is called the quantum Lie algebra of the FODC (F, d). 

Lemma 1. A vector space X of linear functionals on A is the quantum Lie algebra of 
a left-covariant FODC (F,d) if and only if X{1) = and AX - s (S> X e X A' for all 

X ex. 

Proof. The necessity of the condition AX — X G X ® A' follows at once From formula 
(5.20) in [18]. To prove the sufficiency part, let us note that the above conditions imply 
that TZ :— {x E ker £ : X(a:) = for X G X} is a right ideal of ker e. From the general 
theory (cf. Theorem 1.5 in [18]) we conclude easily that TZ is the right ideal associated 
with some left-covariant FODC over Am 

The calculus (F, d) is uniquely determined by X (because TZ is so) and can be described as 
follows. Let {Xj : z G /} be a basis of the vector space X and {xi : z G /} a set of elements 
of A such that Xi{xj) = Sij. Then, letting uji = uj{xi), we have 

da = 2_. {^i * <^ii a ^ A. 
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For notational simplicity we shall write r](S>C instead of rj (8)^ C) where r],( eV. We set for 

S{x) := ^2 i^i^j) (^) ®^3- 

Some properties of the mapping <S : 7?. — > F (g)^ F are collected in the following 

Lemma 2. Let Pi^v denote the canonial projection of the left-covariant himodule F ®js^ F 
into (F ^)inv For x eTZ and a & A, we have: 

(i) S{x)a = a(i)5(xa(-2)). 

(ii) S{xa) = /t(a(i))5(a;)a(2) = PinviS{x)a). 

Proof. Wc show the first equality of (ii). Recall that AXi = £ (g) + Xk ,i E I, by 
formula (5.20) in [18], where fj^ are functional on A such that cOkO, — {f^ * a)a;i, a E A. 
Hence we get 

S{xa) = '^2{XiXj){xa) ui ® coj = ^^(AXj)(AXj)(a; <S> a) uji <^ ujj 

On the other hand, we have 

K{a(^i))S{x)a{2) = "Y K{a(i)){XkXi){x)u)k <^ <jJia(^2) 

k,l 

= J2'^i(^ii))i^kXi){x)f^ * (/j * a(2))a;i 0;^ 

k,i 

= K{a^i))a^2)fi{(^{3))fj{a{4:)){XkXi){x)u}i(^u}j . 
By the Hopf algebra axioms both expressions are equal. 

The preceding calculation yields a(i)5(xa(2)) = a(i)'^(a(2))'5(x)a(3) = S{x)a which proves 
(i). Applying Pinv to (i) and using the fact that Pinviav) — ^i,o)Pinv{'n) get the second 
equality of (ii). ■ 

A differential calculus over ^ is a pair (F^,d) of a graded algebra F^ = ©^o^n with 
product A : F^ X F^ '^n+m ^ linear mapping d: F^ F^ of degree one such that 
d2 = 0,d : F^^ ^ F^+i,d(?7AC) = dry A C + (-l)"r7A dC for ry G F^,C G F;^,F^ = A 
and F^ = Lin {a doi A ... A da„ : a, ai, . . . , a„ e A} for n e IN. The definition of left- 
covariance of a differential calculus is similar to the case of first order calculi. Sometimes 
we simply write r]( for t] A (. 

For each left-covariant FODC (F,di) over A there exists a unique (up to isomorphism) 
universal left-covariant differential calculus (F^,d) over A such that F^ = F and d[^ = 
di. We briefly describe the construction of (F^,d). 
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Let f2 = ©^0^"^ t)e the universal differential envelope of the algebra A, see e.g. [2] or [3]. 
We have Q'^ = A and = A(E) (kcr e)®^ by identifying a (S> ai (S> . . . (S> a„ and adai . . . da^. 
The differential d of O is given by d(adai . . .da^) = dadai . . .da^. Clearly, (O, d) is a 
differential calculus over the Hopf algebra A. Let JijV) :— Q u;(7^)0 + Q du!{7l)Q be the 
differential ideal generated by the set u){TZ). Here TZ is the right ideal of ker e associated 
with the given FODC (L, di). We have J{n) = ^„ Jn(7^), where Jn{n) := J(7^) n fi^. 
Obviously, the quotient algebra Vt/ J{1Z) = J2n / JniJZ) endowed with the quotient map 
of d is also differential calculus over A. By formula (1.23) in [18], JiilZ) = Auj{7l) coincides 
with the submodule A/" occuring in Theorem 1.5 of [18]. Therefore, the first order calculus 
(Oi/j7i(7^), d) of (0/j7'(7^), d) is isomorphic to (F, di). Moreover, it is not difficult to 
verify that {Q/ J'{TZ), d) is Icft-covariant. Prom the preceding construction it is clear that 
[Q./ J(7V), d) has the following universal property: If (O', d') is another differential calculus 
over A such that (0]^,d') is isomorphic to the FODC (F,di), then (ri',d') is (isomorphic 
to) a quotient of {Vt/ J{TZ)^ d) by some differential ideal. 

In order to obtain a more explicit description of the calculus (fl/J", d), we shall use a 
construction of the differential envelope Q. = ©nil"' of the Hopf algebra A developed in 
[14]. More details and proofs of all unproven assertions in the following discussion can be 
found in [14]. 

Let O*^ := A. For n G IN, we set fi"" :— A^ (kere)®" and we write au;(ai) . . .u){an) instead 
of a (g) ai • • • <E) an- We put a;(Al + a) = (ju{a) for A e C, a e kere. The product of 
Q = ©^gfi" and the differential d are defined by 



auj{ai) . . .uj{an)b uj{bi) . . .u{bm) '■= 

a6(i) U;(ai6(2)). . . a;(an-2^>(n-l)) ''^(On-l^(n)) t<^(On^(n+l)) ''^(^l)- • • i^{bm) 

and d{auj{ai) . . .uj{an)):= a(i)cj(a(2)) Lj{ai) . . .uj{an) + 

n 

^(-l)*aa;(ai). . .a;(ai_i)a;(aj,(i))a;(aj,(2))a;(ai+i). . .u){an), 

where ai, . . ., a^, 6i, . . ., 6^, ^ kere and a, 6 G A. (In order to motivate these for- 
mulas, we recall that for any left-covariant differential calculus over A we have da = 
a(i)a;(a(2)), du>{a) — — u;(a(i)) Au{a(^2)) and u>{b)c — C(i)u;(6c(2)) for a,c E A and b G ker £.) 
It can be shown that the pair (il, d) endowed with the above definitions becomes a left- 
covariant differential calculus over A which is (isomorphic to) the differential envelope of 
A. For a E 71, the element uj{a) of O is equal to K(a(i))da(2) which justifies to use the 
notation uj{a). Obviously, the kernel of the map a; : ^ — > O is C ■ 1. 

Let TZ, {Xi}, {xi}, {ui} and S be as defined above for the left-covariant FODC (F, di). We 
put 

Su{x) := [XjXj) {x)u!i(jjj for x eTZ , 

where the product uJiUj is taken in the algebra Q. For a & A, the element a — Xi{a)xi 
is annihilated by X and by £, so it belongs to TZ and hence a;(a) — '^■Xi{a)(jJi G uiTZ). 
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Therefore, since du!{x) = — a;(a;(i))a;(a;(2)), we obtain 
da;(a;) + Su{x) = 

e cJ(7^)^^ + ft^uj{n) for x en. 

Hence the differential ideal J(JV} is generated by the sets uj{lZ) and SuijV). 
Next we define the exterior algebra for the FODC (r,di). Let T®^ := A.T®'' := 
r (g)^ . . . (g)_4 r (n times) for n G IN and let T® := ©^0^®"^ be the tensor algebra of 
r over A. We denote hy S = ©5^2 'S'n the two-sided ideal of the algebra F® generated by 
the set S{TZ). The quotient algebra = F®/5' is called the exterior algebra over A for the 
FODC (F,di). Clearly, F^ is also a graded algebra F^ = ©^=orn with F^ = ^,Fi^ = F 
and F^ = T®''/Sn for n e IN. The product of F^ is denoted by A. 

For X e ker e, let [x] denote the coset x + 71. Let tt be the product of the mapping 
TTi : f2 — > F® defined by 7ri(a) — a,TVi{auj{ai) . . .Lj{an)) — au{[ai]) . . .u{[an]) and the 
quotient map From F® onto F^. Then tt is an algebra homomorphism of Cl onto F^. It 
can be shown that the kernel of tt is the two-sided ideal in Q generated by lv{71) and 
Su{TV). Therefore, by the paragraph before last, kerrr = J {TV). Hence the quotient al- 
gebra Vt/J{lZ) and the exterior algebra F^ are isomorphic. We define d7r(a) := da for 
a e F. Then (F^, d) is a left-covariant differential calculus over A which is isomorphic to 
the calculus {Q,/ J{JZ).,d). By construction, the first order calculus (Fj^,d) of (F^,d) is the 
given FODC (F,di). We call (F^,d) (or likewise (^]/J(7^),d) the universal differential 
calculus associated with the FODC (F, di). 

By definition, S2 — AS{TV)A. From Lemma 2, (i), we see that ^'2 = AS{TZ) is an A- 
subbimodule of F ®j( F and hence a left-covariant bimodule over A. Therefore, each basis 
(Cn) of the vector space SiJZ) of symmetric elements is a free left module basis for S'2, 

1. e. any element C, of S2 can be written as C = Ylm ^nCn with elements an & A uniquely 
determined by (. 

2. Left-covariant differential calculi on SLq(2) 

In this section we denote the matrix entries u\,ul,u'l,U2 for the quantum group SLq{2) 
by a, 6, c, d, respectively, and the generators of Uq{sl2) by k, k~^, e, /. Our aim is to study 
left-covariant differential calculi (F,d) on A := SLq{2) of the form 

2 

dx = ^{Xi*x) LJ^, X e SLq{2) , (2.1) 
i=0 

where loq^lvi and U2 are left-invariant 1-forms and Xq,Xi and X2 are linear functionals 
From Uq{sl{2)) satisfying 

Xi(a)=Xo(6)=X2(c)=l,Xi(6)=Xi(c)=Xo(a)=Xo(c)=X2(a)=X2(6)=0 (2.2) 
and Xi{\)=Xi{q-'^a + ?-^d)=0 for z=0, 1, 2 . (2.3) 
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Prom the pairing between Uq{sl2) and SLq{2) it follows that arbitrary linear functionals 
Xi G Uq{sl{2)),i — 0,1,2, satisfying (2.2) and (2.3) can be written as Xi = efpii{k) + 
Pi2{k) + X[,Xo = epo{k) + Xq and X2 = fp2{k) + X2, where Pii,Pi2,Po,P2 are Laurent 
polynomials in k and X(, Xq, X2 annihilate all four matrix entries a, b, c, d. This suggests 
to consider the following Ansatz 

Xi = efpiiik) +pi2{k),Xo = epoik),X2 = fp2{k) (2.4) 

with polynomials Pii,Pi2,Po and p2 in k and k~^. 

Theorem 1. There are precisely 4 non-isomorphic three dimensional left-covariant differ- 
ential claculi {Tr,d),r = 1,2,3,4, satisfying (2.1)-(2.3) obtained by the Ansatz (2.4)- The 
right ideal TZr of kere associated with the calculus (r^,d) is generated by the six elements 

a + g~^(i - (1 + g~^)l, 6^, c^, be, (a - 7or)i>, (a - 72r)c, 

where 70^ and j2r are the coefficients given by 701 = 702 = Ij 7o3 = 7o4 = 721 = 723 
1 and 722 = 724 = ■ 

Proof. Wc first suppose that (F, d) is a differential calculus such that (2.1)-(2.4) are 
fulfilled. Let TZ be its associated right ideal of kere. From the formulas (2.1)-(2.4) and 
From the pairing between Uq{sl2) and SLq{2) we compute easily that b^ and are in 
and that there are complex numbers 71, 70, 72 such that 6c — 71 (a — 1), ab — ^ob and ac — 72c 
are in TZ. As usual, we shall write x = yiix — yETZ. By (2.3), a — 1 = —q~'^{d — 1). Thus 

= (6c - 7i(a - l))(o - 1) q-^abc - 6c - 7i(a - 1)^ 
= loq~'^bc -be- 7i(a - 1)^ = (70?"^ - 1)71(0 - 1) - 71 (a - 1)^ 
= -71(0 - l)(a - 7o9~^l) = liq~'^{d - l)(a - 7o<7"^l) 
= liq~'^{da -a- -foq~'^{d - 1)) = 7iq"^(q"^6c + 1 - a - 7og"^(«i - 1)) 
= Jiq~'^{'Jiq~^{a - 1) + 1 - a + 70(0 - 1)) = ^iq~'^{^iq~^ + 70 - l)(a - 1) 

and 

= (6c — 7i(a — 1))6 = 6^c — 7106 + 716 = 71(1 — 70)6 . 

Since a — 1, 6 and c are not in TZ by (2.2), we get 7i(7iQ~^+7o — 1) = and 71(1—70) = 0, so 
that 71 = 0. This implies that da — l = and hence q'^{a — l){a — q~'^) = {d — l){q~'^ — a) = 
-l + a + q~'^{d-l) = 0, so = {a-l){a-q~'^)b = qaba-{l + q~^)ab + q-'^b = (7o-l)(7o- 
q~'^)b which yields (70 — l)(7o — Q~^) = 0. Similarly we obtain (72 — 1)(72 — Q~^) = 0. The 
two latter equations imply that TZ contains one of the right ideals TZr, r — 1,2, 3, 4. From 
(2.3), LVo,LVi and u>2 are linearly independent. Hence we have codim TZ = dimFj„^ > 3. 
Since codim TZr < 3 by the definition of TZ^, we conclude that TZ = TZr- 

To complete the proof of Theorem 1, we have to construct the first order differential calculi 
(F^, d) having the desired properties. For this let Xr denote the linear span of functionals 
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Xi,Xo,X2 e Uq{sl2), where 



Xo := q-^/^ek-^ for r = 1, 2, := q-^/'^ek'^ for r = 3, 4 , 
X2 := q^^^fk-^ for r = 1, 3, X2 := q^^^fk'^ for r = 2, 4 
and Xi :=gA-^(e-A;-^) forr = l,2,3,4. 

Prom these definitions and Prom the comultiphcation in Uq{sl2) we obtain 

AXj- =e®Xj+ Xj k~'^ for r = 1, 2, j = and r = 1, j = 2, 

AXj = e ® Xj + Xj ® k~^ + {q~^ - l)Xi®Xj for r = 3, 4, j = and r = 2,4,j = 2, 
AXi = £ Xi + Xi A;-^ for r = 1, 2, 3, 4 . 

This shows that AX — e ® X e X^. A' for aU X e A^. Therefore, by Lemma 1, each 
vector space Xr defines a left- covariant first order differential calculus (F^, d) over SLq{2). 
Let TZ'j. denote the right ideal of kere associated with the calculus (F^jd). One verifies 
that the functionals Xo,Xi,X2 for the calculus (Fr,d) have the properties (2.2)-(2.3) and 
that they annihilate the six generators of the right ideal TZr- Hence TZ'^. C TZ^.. Since 
codim TZ'^ = dim (Fj.)j„^ = 3 and codim TZr < 3, we have TZ'^, — TZr- This completes the 
proof of Theorem 1. ■ 

We now describe the structure of the four differential calculi (F^., d), r = 1, 2, 3, 4, more in 
detail. By the general theory [18], the above formulas for the comultiphcation of Xj lead 
to the following commutation rules between matrix entries and 1-forms: 

ujja=q~^au)j, ujjh=qhujj,ujjC=q~^cujj, ujjd=qdujj for r=l, 2, j=0 and r=l, 3, j=2, 
ojja=q~^au)j,ujjh=q^hujj,ujjC=q^^cujj,ujjd=q^dujj for r=3,4,_;/=0 and r=2,4,j=2, 
ojia = q~'^auij u\c = q~'^cuj\ for r = 1, 3, 
uj\h — q'^buij uid = q^dwi for r = 1, 2, 

ujia = q~'^auJi + {q~'^ — 1)6^2, ^ic = q~'^cuJi + {q~'^ — l)dui2 for r = 2, 4, 
ujih = (f'huji + — VjoujQ, uid = (f'duji + — 1)cujq for r = 3, 4 . 

Recall that u}{a) = Pj^„(da) = K(a(i))da(2) if A(a) = a(i) ® a(2). Prom the formulas (2.2) 
we compute that for all four calculi 

uJi = uj{a),ujQ = uj{b), UJ2 = c<;(c), 
and da = btoo + aui, db — 0102 — q^bcoi, dc = aoi + dcoo, dd — —q'^dcoi + cuj2. 

According to the general theory [18], the calculus (Fr,d) is a *- calculus for an algebra 
involution x ^ x* on SLg{2) if and only if k{x)* G TZr for all x G TZr- Obviously, it 
suffices to check this condition for the six generators of the right ideal TZr- The four calculi 
(Fr,d),r = 1,2,3,4, are *-calculi for the Hopf *-algebra SLq{2,lR),\q\ — 1, while only 
(Fi,d) and (F4,d) are *-calculi for the real forms SUq{2) and SUq{l,l),q G H, of the 
quantum group SLq{2). However, for the Hopf *- algebras SUq{2) and SUq{l, 1) we have 
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k{x)* G TZ2 for X e TZ^ and k{x)* G TZ^ for x e TZ2- Moreover, we have (p{'R-2) = "^3 and 
(pCR-s) — 7I2, where (/? denotes the algebra automorphism of SLq{2) which fixes a and d 
and interchanges h and c. 

Next we consider the commutation rules between the generators Xq, Xi, X2 of the quantum 
Lie algebra of the calculus (F^, d). We have 

q^X^Xo - q-^XoXi = (1 + q^)Xo for r = 1, 2, 3, 4, 

g^XaXi - Q-^XiXs = (1 + q^)X2 for r = 1, 2, 3, 4, 

- Q-'XoX2 = -q-^Xi for r = 1, 

5^X2X0 - q-^XoX2 = -q-^Xi + q'^XXf for r = 2, 3, 

q^X2Xo - q~^XoX2 = -q~^Xi + 2q-^XXf - q'^X^Xf for r = 4, 

What about the classical limits g — > 1 of the calculi (F^, d)? If we keep the basis {ujq, oji, 0^2} 
of {rr)inv fixed, all above equations make sense in the limit q ^ 1 and wc obtain the clas- 
sical first order differential calculus on the Lie group SL{2). That is, all four calculi 
(F^, d), r = 1,2, 3, 4, can be considered as deformations of the classical first order differen- 
tial calculus on SL{2). In particular, the preceding equations for r = 1, r = 2, 3 and r = 4 
define three deformations of the Lie algebra sl2. Note that the quadratic and cubic terms 
of Xi in the two last equations vanish in the limit g — > 1. It might be worth to mention 
that the quantum Lie algebras X2 and A3 are isomorphic (because the commutation rules 
of the generators Xq, Xi, X2 for r = 2 and r = 3 are the same), but the right ideals TZ2 and 
7^3 arc different and hence the differential calculi (F2,d) and (F3,d) are not ismorphic. 
Clearly, for the quantum group SUq{2) the differential calculus (Fi,d) is nothing but the 
3D-calculus discovered by S.L. Woronowicz [17], because the right ideal TZi coincides with 
the right ideal of the 3D-calculus, cf. formula (2.27) in [17]. (The slight differences between 
some of our formulas stated above and the corresponding formulas in [17] stem From the 
fact that we assumed ^2(0) = 1 by (2.2), while ^2(0) = —q by formula (2.3) in [17].) 
Now we turn to the higher order differential calculi. 

Lemma 3. // ^ 1, then a;o <8) a;2 G S{TZr) for r = 2,3, 4. 

Proof. Obviously, — (1 + q~'^)a + q~^l G IZr- Easy computations yield 

5(a^-(l-|-g~^)a-|-g~^l)=(l-|-g~^)(g~^a^i(8)a^i+(7or72r-l)'^o8)a;2) 

and 

S{a + q~'^d - (1 + g~^)l)=(l-|-g^)a;i(8)a;i-|-a;o(8)a;2+g~^a;2(8)a;o 

for r = 2, 3, 4, so that 

q^ujQ®uj2^-uJ2®i^Q e 5(7^4) and {q^ + q"^ -l)ujQ®uj2^-uJ2®i^Q e 5(7^2)n5(7^3). (2.5) 

Let r = 2. Then we have ab — b& TZ2 and S{ab — b) = u!o<S>(^i + q~'^(^i <^u!o ■ Using Lemma 
2, (ii), we compute 

S{{ab — b)c) = Pinv{S{ab — b)c) = -Potw(^o ® ^ic + q~^<jJi (8) a;oc) 
= PinviQ~^coJo <8) ^1 + qiq~^ - i)duJo 0uj2 + q'^ouji ®ujq-\- q~^{q~^ - '^)dw2 ® ojq) 
= (g~^ - l){quQ ®0J2 + q~^0J2 ® ojq) e 5(7^2) . (2.6) 
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Since ^ 1, (2.5) and (2.6) imply that ujq®uj2 G S{TZ2). Interchanging the role of h and 
c we get ujQ®uj2& S{TZs). For r = 4, we have (ac — q^'^c)h e TZ^^ and 

S{{ac - q~'^c)h) = Pinv{{oJi ® 0J2 + q~^i^2 ® i^i)b) 

Pinv{,<fbuJi ®(jJ2 + q^{q~'^ - l)aijJo ®ijJ2 + qhuJ2 ® i^i + q~'^{q~^ - l)auj2 ® ojq) 
= {q-'^ - l){q^uJo ®UJ2+ q~^uj2 ® ^o) • (2.7) 

From (2.5) and (2.7) we obtain ojo <Si 0J2 & <S(7?.4), because we assumed that q^"^ 7^ 1- ■ 

Therefore, in contrast to the classical case, the 2-form uq A 002 is zero for all three cal- 
culi (r^,d),r = 2,3,4. In particular, this implies that all 3-forms vanish and that the 
differential of ui is zero. Hence the higher order calculi of (rj,,d),r = 2,3,4, do not give 
the ordinary differential calculus on SL{2) when q ^ 1. Recall that the calculus (ri,d) 
is 3D-calculus of S.L. Woronowicz [17]. As shown in [17], the higher order calculus of 
the 3D-calculus yields the ordinary differential calculus on SU{2) (and on SL{2)) in the 
limit q ^ 1. Thus the considerations in this section emphasize the distinguished role of 
Woronowicz' 3D-calculus on SUq{2) resp. of the calculus (Fi, d) on SLq{2) among all three 
dimensional left-covariant differential calculi on SUq{2) resp. SLq{2). 

Remark. The functionals Xq := q^/'^ek,X2 := q~^^'^fk and Xi := qX~^{s — A;^) also 
satisfy the commutation relations of the quantum Lie algebra Xi. This presentation has 
been found by A. Sudbery [16], see e.g. [10]. The functionals {Xq, Xi, X2} define another 
left covariant FODC (F, d) on SLq{2). Since Xi does not annihilate the quantum trace 
g~^a + q~^d, the right ideal of kere associated with (F, d) is different From TZi, so that 
the first order calculi (r,d) and (Fi,d) are not isomorphic. 

3. Left-covariant differential calculi on SLq(3) 

In this and the following section we consider left-covariant differential calculi (F, d) over 
A = SLq{d) of the form 

3 2 
da; = ^ {Xij * x) Uij + ^(^n * x) Un-, x e SLq{3) . (3.1) 

Here u>ij and are left-invariant 1-forms and Xij and X^ are linear functionals ofUq{sls) 
such that 

Xij{l) = and Xij{ul) = SirSjs for i ^ j, 

X„«) = for r 7^ s and ^^(l) = X^iU) = . (3.2) 

3 

Recall that U := ^^e quantum trace. We define 

i=l 

Xi := qX-\s - k-^), Xi,i+i := q-^'^eik'^ and Xi+i,^ := q^/^fik'^ for z = 1,2 . (3.3) 
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Let a and /? be complex numbers. We set 

Xi3 = X12X23 — 01X22,^12 and X31 = X32X21 — /9X21X32 . 

Then all linear functionals and satisfy the conditions (3.2). Let X denote the 
vector space generated by these functionals. We compute 

AX„ =£ (g) X„ +X„ (2) , AXy =£ (g) +Xy (g) A;^" ^ for I z - j I = 1 , 

AXi3=£ (g) X13+X13 ® (/Cl/C2)"^ + (g-a)Xi2 ® X23/cr^ + (l-ag)X23 ® Xl2/C2"^ 

and 

AX3i=£ ® X31+X31 ® (/ciA;2)"'+(1-/9q-^)X2i ® X32/cr2+(Q-^-/3)X32 ® X21/C2-2 . 

That is, we have AX — e (g) X G (g) for all X G A'. Therefore, by Lemma 1, the above 
Ansatz gives a left-covariant differential calculus (F, d) over A = SLq{3). 
From the formulas for AXy and AX„ we see that the corresponding homomorphism / of 
the algebra SLq{3) (as defined in Theorem 2.1, 3., in [18]) decomposes into a direct sum 
of an upper triangular part, a lower triangular part and a diagonal part. Using the pairing 
between Uq{sl^) and SLq{2t) we obtain the following commutation relations between matrix 
entries and 1-forms: 





= 9" 


-^^^+^^^U)0J12 + Sj3{q 






= Q 


-'^'+'^'uiuj23 + Sj2{q- 


- a)u\u!is 




= Q 












- I3)uluj3i, 




= q.' 








= Q' 








= Q~ 







In particular, if ck = a{q) and j3 = f3{q) are functions of q such that their limits are equal 
to 1 as g — > 1, then the calculus (F, d) gives the ordinary differential calculus on SL{2) in 
the limit q ^ 1. 

From the general theory [18] we know that the right ideal TZ of kere associated with a 
FODC plays a crucial role. For the calculus (F, d) defined above the right ideal TZ is 
generated by the following elements: 

ulu'j for r 7^ s, r 7^ j, i ^ j,i ^ s; u^u^j — Uj for i ^ j; 
Ujuj forz^j; ujul; ulul; ulul; ujul; 
ujul - {q~^ - a)ul; ujul - {q - /3)ul; 

ulul -ul-ul + 1; ulul + q-^ul - {q'^ + 1)1; u^uj - ul - q'^l + q'^; 
ulul - (1 + q-^)ul + q-H; ulul - (1 + Q~^>1 + (Q^ - ^Wi - (^^ - 1 - 
ulul - (1 + q-^)ul + q''l;U- e(t/)l . 
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To prove this, we first verify by direct computations that the functionals Xij and 
annihilate all these elements. We omit the (boring) details of these computations. Thus TZ 
is contained in the right ideal of ker £ associated with (F, d). Let S be the eight dimensional 
vector space spanned by the elements for i ^ j,u\ — l and u^ — l. From the above list of 
generators of TZ we conclude that each quadratic term u^Uj — drs^ij 1 belongs io S+TZ. (For 
two missing terms v^u^ and v^ul we get u^ul — {q — a)u\ e TZ and U2u\ — {q~^ —fi)u\ G TZ.) 
Hence we have codim 7^ < 8. Since dim (r,d) = 8,7?. is the right ideal of kere associated 
with the calculus (F,d). 

Now we turn to the higher order calculus of (F, d). Our first aim is to prove the following 

Lemma 4. If{a,P) ^ iQ,Q~^) and {a,P) ^ {q~^,q), then we have UJ13 <^ uj^i e S{TZ). 

Proof. Recall that the elements u\ui,u^U2 and u^Ui belong to the right ideal TZ. We 
determine the corresponding symmetric elements. All functionals XijXrs with i < j,r < s 
OT i > j,r > s and all functionals X^X^g, X^sX^, XnX^, annihilate these elements. We 
have 

S{ulul) = Xi2{ulul)X2l{ulul)u!i2 <S) U!21 + Xis{ulul)Xsi{ulul)u>i3 <S) U!3i 
+ Xi3{ulul)X3i{ulul)u!i3 <S) U>3i + X2l{ulul)Xi2{ulu\)u!2l <S) U>i2 

= quJi2 (8) 0^21 + iq~^ - P)<^13 <8) UJ31 + (q- a)uji3 0031 + q~^uJ2i ® 0012 
= qoJi2 ® <^2i + q~^^2i ® ^12 + (A+ — a — P)uJi3 c<^3i- 
Similarly, we obtain 

S{ulul) = qUJ23 ® '^32 + q~^l^32 ® ^^23 + (A+ - a- P)lU31 (g) LO13 

and S{ulul) = gcjia (g) c^si + q~^uj3i U13. 

Using two of these formulas and the facts that S{xy) = Pinv{S{x)y),x e 7?., by Lemma 1, 
and Pinvivv) = £{y)Pinv{v) for ?7 e F <S)a T and y e ^, we compute 

S{ululul) = Pinv{S{ulul)ul) 

= Pinv{qoJi2 ® 0J2iul + q~^0J2i <^ 0Ji2ul + (A+ - a- P)oJi3 (g) u;3iul) 

= PinviQU3'^12 <S) U!21 + qiq " a)w2'^12 <S) UJ21 + q~^ulu!2i <S) U!l2 

+ Q~^{q- a)ulu;2i <S> ujis + q~^{q - Oi){q - P)ulu}3i (g) 0J13+ 

{X+ - a- P)q'^ulu!i3 <S) u>3i) 
= qoJi2 UJ21 + q~^0J2i ® OJ12 + q~^ (q -a)(q- P)uJ3i (8) UJ13+ 

q'^{X+ - a- P)u!i3 UJ31 
= S(ulul) + {q-a){q- P)S{ulul) + (1 - qa){P - 9"^ V13 0^31, 

so that UJ13 ® UJ31 G S{TZ) provided that a q~^ and /3 7^ q~^. 
Similarly, we get 

Siujulul) = Siujul) + {q-^ - a){q-^ - P)S{ulul) + {a - q){(3 - 5)^13 ® CJ31, 
hence u>i3 (8) u>3i e S{TZ) when a ^ q and (3 ^ q.m 
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Therefore, if {a, (3) ^ {q~^, q) and {a, (3) ^ {q, q~^), then the 2-form lvis A co^i vanishes in 
r2 and hence the space of 2-forms does not give the corresponding space for the ordinary 
differential calculus on SL{3) when q ^ 1. The two remaining distinguished cases (a, f3) — 
{q~^tQ) ci-nd {a, (3) — {q,q~^) will be treated in the following section . For this let (ri,d) 
and (r2, d) denote the first order differential calculus (F, d) on SLq{3) with (ct, /3) = g) 
and {a, P) = {q,q~^), respectively. 

4. The differential calculi (ri,d) and (r2,d) on SLq(3) 

Let TZr be the right ideal of here and let Xr be the linear span of linear functionals 
Xij^i 7^ J, = 1,2,3, and Xn,n = 1,2, for the calculus (Fr,d),r = 1,2. From the 
definitions of functionals Xij,Xn and the commutation rules in the algebra Uq{sl3) we 
obtain the following commutation relations for the generators of the quantum Lie algebra 

Xi and X2 : -^12-^32— g ''^-^32-^12=0, X23X2i—g ''^X2iX23=0 , 

-^12-^21~g^-^21-^12=-^l! -^13-^31^g^-^31-^13+g ■'"AXiX2=Xi+X2 , 
-^^23-^^32— g^-'^32-'^23=-'^25 -'^l-'^2^-'^2-'^l=0 , 

XiXi2-g"'-^i2-^i = (l+g"')Xi2, XiX2i-q^X2iX,=~{q^+q^)X2i , 
X2X23— g ■*X23X2=(l+g ^)X23, X2X32— g'^X32X2=— (g^+g^) X32, 
-^1-^23— g^-^23-^i=—g^-^23, -^1-^32— g ^-^32-^1=^^32 , 

-^1-^13~'7 ^-^13-^1 =-^13? -^1-^31 ~'7^-^31-^l = ~'?^-^31 : 
-^2-^13""? ^-^13-^2=-^137 -^2-^31 ~'?^-^31-^2 =—g^-^31 : 

X2X12— g^-^i2-^2=—g^ -^12, -^2-^21— g ^-^21-^2=^21 , 

Xi : X13X23— g-^23-^13=0, -^32-^31~Q' ^-^31-^32=0, 

-^12-^13— g-^13-^12=0, -^31-^21— g ^-^21-^31=0 , 
-^12-^23— g ^-^23-^12=-^137 -^32-^21— g-^21-^32=-^31 i 
-^12-^31^9-^31-^12 = — g-^327 -^13-^21— g-^21-^13~-^-^23-^l = — Q'-^23 ) 
-^13-^32— g-^32-^13=-^12) -^23-^31— ^'-^31-^23+0' ^ AX2i-^2=-^21 • 

^2' -^13-^23—'? ^-^23-^13=0, -^32-^31— <?-^31-^32=0 , 

-^12-^13—'? ^-^13-^12=0, -^31-^21— g-^21-^31=0 , 
-^12-^23— g-^23-^12 =-^13 7 -^32-^21— g "'^-^2 1-^32 =-^31 7 
-^12-^31— g-^31-^12 — A-^l-^32 = — g-^32, -^13-^21 —g-^21-^13 = — g-^23 ; 
-^13-^32— g-^32-^13+Q' ^AX2-^i2=-^12) -^23-^31— Q'-^31-^23=-^21- 

Next we shall desribe the corresponding higher order differential calculi. For this we need to 
know the vector space S{TZr)- Let I denote the ordered index set {1, 2, 21, 31, 32, 12, 13, 23}. 
The right ideal TZr, r=l, 2, has 37 generators which have been listed in the preceding section 
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(recall that a = , P = q ior TZi and a — P = for 7^.2). Let be the linear span 

of these generators. Using the formulas for the comultiplications of Xij and Xn and for 
the pairing between Uq{sls) and SLq{3) one can compute the symmetric elements S{x) for 
the generators of TZr- We state only the result of these (long) computations. The following 
36 elements of F (8)^ F belong to S{TZr) and form a basis of the vector space S{Br). 

S{TZi) and S{TZ2) '■ u>ij (8) ujij for i ^ j, i,j=l, 2, 3; iVn ® uj^ for n=l, 2; 

UJ12 ® OJz2-\-qOJ2,2 ® Wi2,a;23 ® UJ21-\-qOJ2l ® C<;23, 

0^12 <H) a;2i+g~^a;2i ® a;i2, a;i3 (8) a;3i+g~^a;3i ® a;i3, 
<^23 a;32+g~^a;32 ® 0^23, ^1 <H) a;2+a;2 <8) a;i - q~^\ujiz ® uj^i-, 
oJi <8) uJi2+q'^0Ji2 <8) a;i, a;i (8) a;2i+g~'^^2i <8) a;i, 
0J2 <8) 0J23+q'^0J23 (8) <^2, ^2 (H) a;32+g~^a;32 (8 a;2, 
<8) a;23+g~^Ci^23 <8) cui, a;i (8) a^32+g^<^32 (H) a;i, 
<8) a;i3+g^a;i3 (8) a;i , a;i (8) a;3i+g~^a;3i (8 oji, 
UJ2 (8) a;i3+g^a;i3 (8) a;2, 0^2 <8) uJ3i+q~^0Jsi (8) 0^2, 
a;2 <8) uJi2+q~'^0Ji2 0J2,<^2 ® a;2i+g^a;2i (8) a;2, 

5(7^1) : a;i3 (8 a;23+<?~"^'^23 ® ^13, '^32 ® '^si+^'^si ® ^^32, 

(^12 ® '^13+'?~"^'^13 ® ^^12, ^^31 ® c<;2i+i?c<;2i (8 CUsi, 
<^12 ® '^23+g'^23 ® "^12, "^32 ® a;21+g~"^C<;21 (8) 0^32, 

a;i2 (8) a;3i+g~-^a;3i (g) cJi2, Ci;23 ® a;i+g^c<;i (8) a;23+Aa;i3 ® UJ21, 
CO13 (8) a;32+g~'^i^32 ® 1^13, t^2 ® a;2i+g^t^2i ® a;2+Aa;3i ® 1023- 
S{TZ2) : a;i3 (8 a;23+gct^23 <8) ^i35'^32 ® ^3i+<7""^^3i ® ^32, 

^12 <H) a;i3+ga;i3 a;i2, a;3i (8) a;2i+g~^a;2i (8) a;3i, 

OJ12 ® 0J2i+q~^0J23 ® 0^12,1^32 ® UJ2l+qUJ21 a;32, 

cui 0032+^^(^32 <8a;i+Aa;i2 <8) a;3i,a;i3 (8 a;i2+g~"^a;2i ®0J2i, 
0J12 <8) a;2+g^a;2 ® a;i2+Aa;32 (8) 0013, 0023 <8) a;3i+g~-^a;3i (8) 0^23, 

The preceding formulas showed that both FODC (Fid) and (F2,d) are very close to 
the classical differential calculus on SL{3). For instance, except for two cases (that is, 
0)12^3 , u;32Mi for r=l and 0^231*2 )'^2i'ii2 ^^=2), each 1-form coiu'!^ is equal to ?i"„c<;i mul- 
tiplied by some power of q. Except for three cases, the commutation relations of the 
quantum Lie algebra and the elements of the left module basis of ^'2 contain only two 
quadratic terms as in the classical case. 

Lemma 5: For r=l,2, we have S{Br)=S{TZr)- 

Proof. By Lemma 2, (ii), it suffices to show that Pinv{Cuj) G S{Br) for i,j=l, 2, 3 and for 
all 36 basis elements ( of listed above. This is obviously fulfilled if (uj is a scalar multiple 
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of tt* C, since Pinv(aC)=s^(a)-Pmi)(C) by Lemma 2.2 in [18]. Prom the commutation relations 
between matrix entries and 1-forms we conclude that it remains to check the condition 
PinviC'^]) £ S{Br) for all basis elements C of S{Br) which are sums of three terms or 
contain the 1-forms a;i2 or 0)32 in case r—1 resp. LO23 or LO21 in case r—2. These are 14 
elements ( in either case r=l and r=2. We carry out this verification for the two elements 
Ci •= <^i2 (8)a;32+9<^32 ®<^i2 and (2 '■= <^ UJ2+U2 <^ coi — q~^XL0i3<^<jj3i in case r=l. From 

Ui2®UJs2Ul=qulUi2 0Us2+qXu'!2UJi3®UJs2 and 0^32 ®C<;i2M3=g'U3t^32 ®Wi2+g~^A'U|u;32 ®Wi3 

it follows that Pinv {CiU3)=qCi and Pinv{Ci'Us)=qHi^i3 ® "^32 +^'""^'^32 <X) 0^13) G S{Br). 
Moreover, (lUj is a multiple of UjCi for all elements Uj other than U3 and u^. For C2 we 
obtain C2Uj—q~'^^^'^'^'^^^^Uj(2-i so the condition is also valid for ^2- The other 26 cases are 
treated in a similar way. ■ 

Thus, by Lemma 5, the 36 basis elements for the vector space S{Br) of the above list 
form a free left module basis for S2=AS{TZr)A. This gives a precise description of the 
^-subbimodule S2 of F (g)^ F. 

From the definitions of functionals Xij,Xn and the pairing between Uq{sls) and SLq{3) it 
follows that for both calculi 

oj{ul) = 0Ji,uj{u2) = 0J2 — q^oJi, '^(■J^s) = —(^U32 and a^(Wj) = for i ^ j . 

Recall that for any left-covariant differential calculus over A we have da;(a)= 
— a;(a(i)) Aci;(a(2)),a e A. Prom the preceding we obtain the following Maurer-Cartan 
formulas for our differential calculi. 

(Fi,d) and (F2,d) : dct;i=-u;i2 A Ci;2i-'^i3 A ^31, da;2=-'^i3 A a;3i-a;23 A 0)32, 
dui3=—uJi A U13—U2 A UJ13—UJ12 A 0^23, 
da;23=q'^'^i A a;23-(l+?~^)'^2 A a;23+9'^i3 A W21, 
duj2i = {q'^+q^)ooi A UJ21-002 A 0)21-^23 A 0)31. 

duJi2=-{l+q~'^)uJi A uJi2+q'^uJ2 A UJ12-UJ13 A (^32, 
dcd3i=q'^a;i A ui3i+q'^U2 A c<;3i+g~^u;2i A ^^32, 
da;32=-a;i /\uj32+{q'^+q'^)uj2 Auj32+quJi2 A 0)31. 

da;i2=-(l+g~^)i^i A uJi2+q'^uJ2 A a;i2-Q^cdi3 A 0)32, 
dcd3i=g^a;i A a;3i+q'^cJ2 A uJ3i+quj2i A ^^32, 
da;32=-c<;i A u;32 + (Q^+?'*)i^2 A a;32+g~"^a;i2 A ^31. 

In this and the next paragraph we omit the subindex r which refers to one of the claculi 
(Fi,d) and (F2,d). We define a 64 x 64-matrix c"=(crJ^n)i,j,n,meJ as follows. Consider 
elements uJn ® uJm+lJ.uJm Cg) uJn and cUj + jujj ® + Sun (S> (written in the order 
of the index set /, i.e. n < m and i < j) of our vector space basis of S{71). We set 
<^=//, = fJ^-\ 4^ = 7, <4 = = ^ " = -'^/^7"'- The number ajj, i e /, 

are set equal to 1 and the remaining matrix entries are set zero. Then the 36 basis elements 



(ri,d): 



(r2, d) : 
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of S{TZ) are a^i a;j + ^ cr^^uJn ® cUmAj j £ ) i < j- Prom the above formulas we see that 

n,tn 

the commutation relations of the quantum Lie algebra generators can be expressed as 
XiXj — ^cr^lm-^nXm = J^^ij-^ti^ h with certain coefficients e C The linear 

n,n i 

transformation a of the 64-dimensional vector space Tinv ® ^inv has eigenvalues 1 and 
— 1 with multiplicities 36 and 28, respectively. Obvoiusly, cr^ is the identity. However, 
a does not satisfy the braid relation cri2a"23a"i2 = (7"23C"i2C''23 on Ti^v ® ^inv ® ^inv (Por 
instance, we have cri2cr23a"i2(c<;i ^uj23 ^"^13) = Q^is ®'^23 ^(^i —q~'^^uJis ®uj2i ^ujis and 
0'23<7i2cr23('^i ® 1^23 ® '^is) = Q^is ® '^23 ® i^i " Aa;i3 ® UJ21 ® 1^13 for the calculus (Fi, d).) 
Let J {71) — ®nJn{T^) be the two-sided ideal of the tensor algebra „ of the vector space 
Tinv which is generated by the set S{TZ). Clearly, (F^)^^^, is (isomorphic to) the quotient 
algebra Tf^^/J{n) = ®riTfnv/ Jn{7l)- The above basis elements of the vector space S{TZ) 
form a Grobner basis (see. e.g. [6] for this concept) of the ideal J(JZ) with respect to the 
above ordering of the index set /. We have checked this by using the computer algebra 
system PELIX [1]. (One may also verify this assertion by performing explicit calculations.) 
Therefore, we get a vector space basis for the quotient space Tf^^/J{TZ) by taking all 
monomials in the 1-forms Wi, i G /, which are not multiples of the leading term of one of 
these Grobner basis elements. From the special form of these elements we see that this set 
of monomials is the same as in the case q ~ 1. Hence the dimension of the vector space 
^fnvl JnijV) is equal to the corresponding dimension (^) in the classical case. Moreover, 
it follows that the associated higher order calculi of both calculi (Fi,d) and (F2,d) give 
the ordinary higher order calculus on 5'L(3) in the limit — > 1. 

5. Left-covariant differential calculi on SLq{N) 

Let = (^/j) and L~ = (~/j) be the N x N matrices of linear functionals and ~tj on 
A :— SLq{N) as defined in [5]. Recall that is uniquely determined by the properties 
that : A MAr(G) is a unital algebra homomorphism and ^l]{u'^) = p^^ {R^^Y^j for 

n, m—1, ■ ■ ■, N, where p is an A^-th root of q and R is the i?-matrix of the quantum 
group SLg{N). 

In this section we define N"^ — 1 dimensional left-covariant PODC (Fi,d) and (F2,d) over 
A = SLq{N). They generalize the two calculi over SLq{N) studied in the preceding 
section. For this we set 

Xij = k{~ ll and Xji = —X~^K{'^tj)'^l^j for i < j and r = 1, 
Xij := -A~-^+Zj~Z^ and Xji = for i < j and r = 2 

Xn = qX~\e - ("C^C+i)^) forn = 1, . . . , iV - 1 and r = 1, 2. 

Let Xr denote the linear span of functionals Xij,i ^ j, i,j = 1,...,N, and Xn,n = 
l,...,iV-L 

Computing the comultiplications of these generators, we obtain for r = 1 and i < j, 

3 i-i 
AXy = £ ® + Xi^ ® and AX^^ = e® Xji + ^Xjm ® +/j^«(+/^) 
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for r = 2 and i < j, 

AXij = £ (8) Xij + ^Xmj ® "^/j"C and AXji = e®Xji+ Xmi 'S) 't^^lj 

m=i m=i+l 

and for r — 1,2, 

AX^ = e®X^ + X^^ {-C+CXlf . 

In particular, these formulas show that AX — e^X G Xr^-^' for all X E and r = 1,2. 
Therefore, by Lemma 1, the vector space defines a left-covariant FODC over SLq{N). 
Furthermore, we verify that Xij{Ug) — SirSjg for i j and X„(ttg) = Srsi^nr ~ Q^^n+i,r) 
for n = 1, . . . , N — 1. Thus all elements of the quantum Lie algebra Xr annihilate the 
quantum trace U = ^q~^^ul. Since dim Xr = N'^ — 1, the FODC (F^jd) has dimension 
7V2-1. 

It is not difficult to check that in the classical limit g — > 1 both FODC (rj.,d) give the 
ordinary FODC on SL{N). (As in the preceding sections, we define the limit g — > 1 of 
the calculus (rj.,d) by keeping the Maurer-Cartan basis (^(Ug), (r, s) ^ {N,N), of {Tr)inv 
fixed.) Some computations show that for > 3 and r = 1,2 the 2-form u^ij A Uji 

vanishes in {Tr)2- That is, if > 4, both associated higher order calculi do not have the 
classical higher order calculus on SL[N) as their limits when q ^ 1. To overcome this 
disadvantage, we have taken up another approach in [14]. 



References 

[1] Apel, J. and Klaus, U., FELIX-an assistent for algebraists. In: S.M. Watt (ed.), 
ISSAC 91, pp.382-389, ACM Press, 1991 

[2] Connes, A., Non-commutative differential geometry, Publ. Math. IHES 62, 44-144 

(1986) 

[3] Cuntz, J. and Quillen, D., Algebraic extensions and nonsingularity, J. Amer. Math. 
Soc. 8, 251-289 (1995) 

[4] Drinfeld, V.G., Quantum groups. Proceedings ICM 1986, pp. 798-820, Amer. Math. 
Soc, Providence, 1987 

[5] Faddeev, L.K., Reshetikhin, N.Y. and Takhtajan, L.A., Quantization of Lie groups 
and Lie algebras. Algebra and Analysis 1, 178-206 (1987) 

[6] Ceddes, K.O., Czapor, S.R. and Labahn, C, Algorithms for Computer Algebra, 
Kluwer Acad. Publ., Boston, 1992 

[7] Jimbo, M., A g-difference analogue ofU{g) and the Yang-Baxter equation, Lett. Math. 
Phys. 22, 177-186 (1991) 

[8] Lyubashenko, V. and Sudbery, A., Quantum supergroups of GL{n,m) type: differen- 
tial forms, Koszul complexes and Berezinians, Preprint, York, 1993 

[9] Maltsiniotis, G., Le langage des espaces et de groups quantiques, Commun. Math. 
Phys. 151, 275-302 (1993) 



17 



[10] Montogomery, S. and Smith, S.P., Skew derivations and Uq{sl{2))^ Israel J. Math. 72, 
158-166 (1990) 

[11] Miiller-Hoissen, F. and Reuten, C, Bicovariant differential calculus on GLp q(2) and 
quantum subgroups, J. Phys. A 26, 2955-2975 (1993) 

[12] Schmiidgen, K. and Schiiler, A., Classification of bicovariant differential calculi on 
quantum groups of type A,B,C and D, Commun. Math. Phys. 167, 635-670 (1995) 

[13] Schmiidgen, K. and Schiiler, A., Classification of bicovariant differential calculi on 
quantum groups, Commun. Math. Phys. 170, 315-336 (1995) 

[14] Schmiidgen, K. and Schiiler, A., Left-covariant differential calculi on quantum groups, 
to appear. 

[15] Stachura, P., Bicovariant differential calculus on S'^t/(2), Lett. Math. Phys. 25, 
175-188 (1992) 

[16] Sudbery, A., Non-commuting coordinates and differential operators, in: Quantum 
Groups, T. Curtright, D. Fairlie and C. Zachos (eds.), pp. 33-52, World Scientific, 
Singapore, 1991 

[17] Woronowicz, S.L., Twisted SU{2) group. An example of a non-commutative differen- 
tial calculus, Publ. RIMS Kyoto Univ. 23, 177-181 (1987) 

[18] Woronowicz, S.L., Differential calculus on compact matrix pseudogroups (quantum 
groups), Commun. Math. Phys. 122, 125-170 (1989) 



18 



